We propose an uplift mechanism using a structure of multi-Kähler moduli dependence in the F-term potential of type IIB string theory compactifications. This mechanism requires a D-term condition that fixes one modulus to be proportional to another modulus, resulting in a trivial D-term potential. De Sitter minima are realized along with an enhancement of the volume in the Large Volume Scenario and no additional suppression of the uplift term such as warping is required. We further show the possibility to realize the uplift mechanism in the presence of more Kähler moduli such that we expect the uplift mechanism to work in many other compactifications.
Introduction
Dark Energy is the dominant source causing the current accelerated expansion of the universe, as has been confirmed by observations [1] [2] [3] [4] . Although there exist some possibilities explaining Dark Energy, a tiny positive cosmological constant would be the prime candidate, in perfect agreement with recent observations [3, 4] .
If one wants to understand the purely theoretically origin of this cosmological constant, we should promote Einstein gravity to be consistent with its quantum formulation. String theory is quite motivated for this purpose as it is expected to provide the quantum nature of gravity as well as particle physics. A cosmological constant could be realized in the context of flux compactifications [5, 6] of 10D string theories, where a vacuum expectation value of the moduli potential at minima contributes to the vacuum energy in a four-dimensional space-time universe. Since there exist many possible choices of quantized fluxes and also a number of types of compactifications, the resultant moduli potential including a variety of minima forms the string theory landscape (see reviews [7] [8] [9] [10] [11] [12] ).
Although there exist many vacua in the string theory landscape, when we naively stabilize the moduli and obtain the minima, negative cosmological constants seem likely to come by. Hence an 'uplift' mechanism from the negative vacuum energy keeping stability should be important to realize an accelerated expanding universe. Some possible ways of the uplift mechanism have been proposed in string compactifications.
potential, and thus can be used for the uplift [13] [14] [15] . When the D3 brane anti-brane pairs are localized at the tip of a warped throat, the potential energy may be controllable due to a warping factor. As the uplift term contributes to the potential at O(V −4/3 ), which appears larger than the F-term potential for stabilization which is in general O( V −2 ), de Sitter (dS) vacua with tiny positive cosmological constant may be achieved as a result of tuning of warping. A caveat of this proposal is that the SUSY breaking term needs to compensate the entire Anti-de Sitter (AdS) energy, so it is an open question if the SUSY breaking term, originally treated in a probe approximation, can be included as a backreaction in supergravity appropriately.
• As an alternative uplift mechanism, one may use the complex structure sector [16] . In the type IIB setup, the complex structure moduli as well as the dilaton are often stabilized at a supersymmetric point. Owing to the no-scale structure, the potential for the complex structure sector is positive definite V c.s. = e K |DW | 2 c.s. ∼ O(V −2 ). So when we stay at the SUSY loci, the potential is given convex downward in general and thus tractable. However, if one stabilizes the complex structure sector at non-supersymmetric points, then there appears a chance to have a positive contribution in the potential without tachyons, that may be applied for the uplift with a tuning. See also recent applications of this mechanism [17] [18] [19] .
• When we include the leading order α -correction coming of O(α 3 ) in the Kähler potential [20] which breaks the no-scale structure, this generates a positive contribution in the effective potential if the Euler number χ of the Calabi-Yau is given by a negative value [21] . This positive term can balance the non-perturbative terms in the superpotential such that stable dS vacua can be achieved in this Kähler Uplift model [22] [23] [24] (see also [25] ). In the simplest version of the Kähler uplifting scenario, there is an upper bound on the overall volume of the Calabi-Yau such that one may worry about higher order α -corrections. However, this bound can be significantly relaxed when embedded in a racetrack model [26] .
• It has been proposed that the negative curvature of the internal manifold may be used for dS constructions as it contributes positive in the scalar potential [27] . Motivated by this setup, there were many attempts constructing dS vacua [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . Using the necessary constraint for the extrema [41, 42] and for the stability [43] , we see that the existence of minima requires not only negative curvature, but also the presence of orientifold planes.
• When the stabilization mechanism does not respect SUSY, D-terms can provide a positive contribution to the potential if the corresponding D7-brane is magnetically charged under an anomalous U (1) [44] [45] [46] . The potential of D-terms arises of order O(V −n ) with n ≥ 2, depending on the cycle that the D7-brane wraps. If we take into account the stabilization of matter fields having a non-trivial VEV, originating from fluxed D7-branes wrapping the large four-cycle, then the uplift contribution becomes O(V −8/3 ) [45] . So a relatively mild suppression, for instance by warping, is required for this volume dependence. See also recent applications to explicit scenarios in [47, 48] and also together with a string-loop correction in fibred Calabi-Yaus [49] .
• Recently, it has been proposed that a dilaton-dependent non-perturbative term can also work for the uplift mechanism toward dS vacua [50] . The non-perturbative term depends on both the dilaton and a vanishing blow-up mode which is stabilized by a D-term. Since the D-term turns out to be trivial at the minima due to a vanishing cycle, the non-trivial dilaton as well as the vanishing cycle dependence generate the uplift term within the Fterm potential. In this setup, the given uplift term is proportional to e −2b s /V. Although the volume does not suppress the uplift term so much, we may expect an exponential finetuning by the dilaton dependence to balance with the moduli stabilizing F-term potential.
In this paper, we introduce an uplifting term of the form e −asτs /V 2 , where τ s is the volume of a small 4-cycle, which naturally balances with the stabilizing F-term potential in the Large Volume Scenario (LVS). The following ingredients are necessary for this mechanism:
• one non-perturbative effect on a 4-cycle D 2 to realize the standard LVS moduli stabilization potential,
• another non-perturbative effect on a different cycle D 3 ,
• a D-term constraint that enforces the volumes τ of the two 4-cycles to be proportional
Hence, the minimal number of Kähler moduli for this uplifting scenario is h 1,1 + = 3. At the level of the F-term potential the effective scalar potential reduces to the standard LVS moduli stabilization potential plus the mentioned uplifting term yielding metastable dS vacua. The Kähler moduli are stabilized at large values avoiding dangerous string-and α -corrections. Compared to [50] , the dilaton can take rather arbitrary values determined by fluxes as there is no tuning required to keep the uplifting term suppressed. Note that for h 1,1 + = 2, a racetrack setup with two non-perturbative effects on one small cycle does not allow stable dS vacua in the LVS. Hence, we have to consider at least two small cycles and a relating D-term constraint to construct dS vacua.
We also have to consider a necessary condition for coexistence of the vanishing D-term constraint with the non-perturbative terms in superpotential. If the rigid divisors for the two non-perturbative effects intersect with the divisor on which the D-term constraint is generated via magnetic flux, we have to worry whether the VEV of matter fields that are generated by this magnetic flux are given accordingly such that the coefficients of non-perturbative terms remain non-zero. On the other hand, we may avoid additional zero mode contributions in a setup with minimal intersections. A general constraint is that the non-perturbative effects and D-term potential have to fulfill all known consistency condition, for instance requiring rigid divisors, avoiding Freed-Witten anomalies [51, 52] and saturating D3, D5, and D7 tadpole constraints.
We expect these constraints to become less severe as the number of Kähler moduli increases beyond h 1,1 + = 3 as in principle the degrees of freedom such as flux choices and rigid divisors increases. This paper is organized as follows. We illustrate the uplift proposal generated through the multi-Kähler moduli dependence in the F-term potential and the required general geometric configuration in Section 2 and give some computational details in Appendix A. We further discuss the applicability of the uplift mechanism in more general Swiss-Cheese type Calabi-Yau manifolds in Section 3.
D-term generated racetrack uplift -general mechanism
We illustrate the uplift mechanism by a D-term generated racetrack in Calabi-Yaus with the following properties: there are two small 4-cycles and two linear combinations of these small cycles that are rigid such that the existence of two non-perturbative terms is guaranteed in the superpotential avoiding additional fermionic zero modes from cycle deformations or Wilson lines. We show that this setup in general allows to stabilize the moduli in a dS vacuum at large volume.
Geometric setup and superpotential
We consider an orientifolded Calabi-Yau X 3 with h 
in terms of 2-cycle volumes t i and intersection numbers
The 4-cycle volumes are given as
We assume that X 3 has a Swiss-Cheese structure with a big cycle named D a and at least two small cycles D b and D c , i.e., its volume form can be brought to the form 
Even if there do not exist two divisors D 2 and D 3 that are rigid, one might still be able to effectively 'rigidify' one or more divisors by fixing all the deformation moduli of the corresponding D7-brane stacks via a gauge flux choice [47, 53, 54] . Under these assumptions, the superpotential in terms of the Kähler moduli T i = τ i + i ζ i is of the form
with non-zero A 2 , A 3 and W 0 being the Gukov-Vafa-Witten flux superpotential [55] .
D7-brane and gauge flux configuration
The orientifold plane O7 induces a negative D7 charge of −8[O7] that has to be compensated by the positive charge of D7-branes. In general the O7 charge can be cancelled by introducing a Whitney brane with charge 8[O7] [56] . The non-perturbative effects of (2.6) can be either generated by ED3-instantons or gaugino condensation. For the latter, we choose a configuration with N 2 D7-branes on D 2 and N 3 D7-branes on D 3 . In this case, the exponential coefficients of the non-perturbative terms in (2.6) are a 2 = 2π/N 2 and a 3 = 2π/N 3 . The corresponding gauge group is either SO(N ) or Sp(N ) (which becomes SU (N ) if gauge flux is introduced), depending on if the divisor lies on the orientifold plane or not. Furthermore we introduce a third stack of N D branes on a general linear combination D D of basis divisors that is not either D 2 or D 3 . This stack will introduce a D-term constraint that reduces the F-term effective scalar potential by one degree of freedom/ Kähler modulus. In the case of h 1,1 + = 3 this corresponds to a two Kähler moduli LVS potential plus an uplift term that allows dS vacua as we will show in Section 2.3.
1 Note that in general all required D7-brane stacks have to be consistent with possible factorizations of the Whitney brane that cancels the O7 charge [56, 57] .
The D-term constraint is enforced via a Fayet-Illiopoulos (FI) term 
with a constant c depending on flux quanta and triple intersection numbers. In a concrete example it is important to check that a constant c in (2.8) is realized which is consistent with stabilizing the moduli inside the Kähler cone of the manifold.
An important constraint arises from the requirement of two non-vanishing non-perturbative effects A 2 , A 3 = 0 on generally intersecting cycles D 2 and D 3 . The cancellation of Freed-Witten anomalies requires the presence of fluxes F on the D7-branes wrapping these divisors that can potentially forbid the contribution from gaugino condensation in the superpotential. This gauge invariant magnetic flux F is determined by the gauge flux F on the corresponding D7-brane and pull-back of the bulk B-field on the wrapped four-cycle via
If D 2 and D 3 intersect each other, the B-field can in general not be used to cancel both of theses fluxes to zero. However, it is still possible that both fluxes F 2 and F 3 can be chosen to be effectively trivial, such that no additional zero modes and FI-terms are introduced. These zero-modes would be generated via charged matter fields arising at the intersection of D7-brane stacks or from the bulk D7 spectrum. The constraint has to be checked on a case-by-case basis. We work out a sufficient condition on the intersections κ ijk for F 2 and F 3 to be trivial for the case of D 2 and D 3 not intersecting any other divisors κ 2,j,k = κ 3,j,k = 0 for j, k = 2, 3 in Appendix A. Furthermore, it has to be checked that F D does not generate any additional zero-modes at the intersections of D D with D 2 and D 3 .
Finally, the chosen D7-brane and gauge flux setup has to be consistent with D3, D5 and D7 tadpole cancellation. As for every explicit construction this has to be checked on a case-by-case basis for the particular manifold under consideration. We do not expect tadpole cancellation to be in general more restrictive than in e.g., the AdS LVS. In particular, we do not require a large number of D7-branes [22] and/or racetrack effect [26] on a particular single divisor to achieve a large volume as in the Kähler Uplifting scenario.
Effective potential of the Kähler moduli
We start with a slightly simplified model where the F-term potential
is given by
where we have used equal intersection numbers γ and assumed stabilization of the dilaton and complex structure moduli via fluxes [5] . The values of these parameters are not essential for the uplift dynamics we illustrate in this paper. The superpotential in (2.11) corresponds to a particular choice of the general linear combination in (2.6). The model (2.11) is known to include the solutions of the LVS [58] that stabilizes the moduli in a non-supersymmetric way in the presence of the leading α -correction [20] and one non-perturbative term. The α -correction is given by ξ ∝ −χg
where χ is the Euler number of the Calabi-Yau manifold.
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The D-term potential is given through the magnetized D7-branes wrapping the Calabi-Yau divisor D i [60] : 12) where the gauge kinetic function 13) and ϕ j are matter fields associated with the diagonal U (1) charges c Dj of a stack of D7-branes and the FI-term ξ D is defined in (2.7).
Now we redefine the coordinates:
When the D7-branes wrapping the divisor D D are magnetized and the matter fields are stabilized either at ϕ i = 0 or satisfying c ijKj ϕ j = 0, the D-term potential may become Thanks to the topological coupling to the two-cycle supporting magnetic flux, the imaginary mode of the Z modulus is eaten by a massive U (1) gauge boson through the Stückelberg mechanism. Since the gauge boson has a mass of order of the string scale O(V −1/2 ), the degree of freedom of Im Z charged under the anomalous U (1) as well as the gauge boson is integrated out at the high scale. Hence, we are left with the stabilization of the remaining moduli fields by the F-term potential.
F-term uplift
Next we will consider the stabilization by the F-term potential given in (2.11). We are interested in LVS like minima V ∼ eâ i τ i realizing an exponentially large volume. Then the leading potential of order V −3 is given by 16) where the imaginary directions are stabilized at Im T i = 0, and Im T a is stabilized by nonperturbative effects that are omitted in (2.11), inducing a very small mass for Im T a and with negligible influence on the stabilization of the other moduli. Although the general minima of Im T i are given by a i Im T i = m i π with m i ∈ Z, the different solutions just change the sign of A i and thus we can simply have the potential of the above form.
As the D-term stabilizes τ c = τ b , the resultant potential becomes where we have defined τ s = Re T s . One may consider that this form of the potential looks similar to the racetrack type. Although cross terms of A 2 , A 3 appear due to the T b dependence, the important point for the uplift mechanism demonstrated in this paper is that the cross terms between T b dependence of the A 2 term and T c dependence of the A 3 term appear at O(V −4 ).
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If the cross term appears at O(V −3 ), it disturbs uplifting to dS.
We further redefine the fields and parameters such that there are no redundant parameters affecting the stabilization:
(2.18)
Then the effective potential at order O(V −3 ) becomeŝ
We have neglected the term proportional to c 2 3 and the cross term between c 2 , c 3 in the expression above. In fact, these terms are not important for the uplift mechanism of our interest, and we will justify this assumption a posteriori later. Since the uplift term comes together with e −βxs , this term contributes of O(V −3
x ) when β ∼ O(1). Hence, it contributes at the same order as the stabilizing F-term potential and no suppression factor provided by warping or dilaton dependence is required.
Before performing the uplift, we consider the LVS solution by setting c 3 = 0. We use a set of parameters:
The extremal equations ∂ IV = 0 at c 3 = 0 can be simplified as
Solving the equations above, we obtain
We can easily check that this solution gives an AdS vacuum. Note that when we have just two moduli fields V x , x s in the LVS, the positivity of ξ x automatically guarantees the stability of the minima since the required condition x i > 1 is satisfied (see e.g. [61] ).
Now we consider non-zero c 3 for the uplift. As c 3 increases, the vacuum energy of the potential minimum increases and eventually crosses the Minkowski point. In Figure 1 , we illustrate the behavior of the minimum point by changing the value of c 3 . Interestingly, the volume increases as the vacuum energy increases, suggesting that the effective description of the theory will be more justified toward dS vacua. On the other hand, the minimum value of the Hessian decreases. Destabilization occurs when the uplift term dominates the entire potential. As this happens at higher positive values of the cosmological constant, there certainly exist a range of parameters yielding stable dS vacua within this setup.
As a reference, we show numerical values of parameters close to crossing the Minkowski point. When we use So we see that the volume increases quite drastically from the AdS vacuum (2.22). Since c 3 remains small compared to the input value of c 2 , we see that our approximation neglecting the term proportional to c 2 3 is justified. In fact, it is not difficult to see how these values change when the presence of c Let us comment on the stabilization of the axionic partner of each modulus field. As stated, the imaginary mode of Z is eaten up by a massive gauge boson and hence integrated out at the high scale. The axionic partner of the big divisor T a is stabilized by non-perturbative effects yielding a tiny mass. The remaining modulus Im T s is stabilized by the F-term potential as the D-term potential does not depend on the latter. In the approximated potential up to O(V −3 ), the Hessian of
where we have included c 
Analytical estimate
It is difficult to analytically derive a generic condition for the D-term generated racetrack uplift since the formulas are still complicated enough even after using several approximations. However, some of the expressions can be simplified under an additional reasonable approximation. In this subsection, we illustrate some analytical analyses for a better understanding.
Since we checked that the uplift mechanism works even at linear approximation of the uplift parameter c 3 , we only keep terms up to linear order in c 3 and neglect the higher order terms including cross terms. The extremal condition ∂ iV = 0 of the potential (2.19) is now simplified by
(2.27)
Although our interest is the uplift toward dS vacua, we have to cross the Minkowski point along the way. Thus, the condition that the minimum structure holds when uplifted to Minkowski vacua is a necessary condition for the dS uplift mechanism. The condition for Minkowski at the extremaV | ext = 0 reads
Next, we proceed to check the stability at the Minkowski point. Although we know the conditions to check the stability, the formula of the Hessian is yet too complicated to perform an analytical analysis. So we further focus on the region satisfying x s 1. The region with x s 1 is motivated since the AdS minimum points, before adding an uplift term, are guaranteed to have a positive Hessian since all eigenvalues are positive definite when satisfying x s > 1 in LVS type stabilizations (see e.g. [61] ). Furthermore, higher instanton corrections can be safely neglected. As shown in Figure 1 , the minima can be uplifted keeping the positivity of the Hessian until reaching the destabilization point with a relatively high positive vacuum energy. Hence, having x s 1 is motivated to see the basic feature of the D-term generated racetrack uplift mechanism. Since there is no reason to take β to be small/large, we consider β ∼ O(1).
When we use the approximation x s 1, a component of the Hessian and the determinant at the extrema become (2.27) 29) where in the last step of both equations, we have used the Minkowski condition (2.28). According to Sylvester's criterion, the positivity of a matrix can be checked by the positivity of the determinant of all sub-matrices. Thus it is enough to check the positivity of the quantities in (2.29). Therefore we conclude that the stability at the Minkowski point requires β < 1. This condition is clearly satisfied in the previous numerical example following (2.23) , which may justify the crude approximations we took in this subsection. Note that the Hessian of the imaginary mode is guaranteed to be positive under the above used approximations:
Finally, let us check the extremal and Minkowski conditions in the limit x s 1. Now all conditions are simplified to be
We see that the minimum point needs ξ x > 0 and c 2 < 0 in agreement with the minimum requirement of the two-moduli LVS at AdS. The stability condition β < 1 suggests c 3 > 0.
In fact, the extremal condition for ξ x , c 2 is simply the leading order approximation of each first term in (2.27) as the c 3 contribution appears sub-dominant. This justifies that the linear approximation for c 3 is compatible with x s 1. Hence, we can regard the last term in the potential (2.19) as the uplift term.
On realization in models with more moduli
In this section, we show that the uplift mechanism works well in the presence of additional Kähler moduli in Swiss-Cheese type Calabi-Yau compactifications. We consider a simple toy model with h 1,1 + = 4, which captures the essential features of the D-term generated racetrack uplift mechanism defined by
Again we are interested in the case of a Swiss-Cheese volume for moduli stabilization of the LVS type. Note that we used the name T e to avoid confusion with T D .
Taking into account the D-term potential generated by the magnetized D7-branes wrapping the divisor Z, we assume again that the Z = a 4 = a 2 for simplicity, the effective potential at V −3 from the F-terms is given bŷ When we use a set of parameters:
then the AdS LVS minimum at c 3 = 0 is located at
The stability of multi-Kähler moduli models of the LVS type is ensured if the constraint x i > 1 is satisfied [61] . Hence, the extremal point (3.4) is stable. Although the volume is drastically changed during the uplift toward dS vacua, we can check the stability of the minimum by plugging the values into the Hessian, similarly to the simple three moduli model. The cosmological constant can further increase in the positive region keeping the stability until the minima exceeds the potential barrier where decompactification happens.
Discussion
We have proposed an uplift mechanism using the structure of at least two small Kähler moduli T b and T c in Swiss-Cheese type compactifications. The uplift contribution arises as an F-term potential when using a D-term condition which fixes Re T b = c Re T c at a higher scale, where c is determined by magnetized fluxes on D7-branes. The uplift term becomes of the form e −asτs /V 2 at large volumes, and hence it can naturally balance with the stabilizing potential in the Large Volume Scenario (LVS), without requiring suppressions in the coefficient, for instance, by warping or a dilaton dependent non-perturbative effect.
In addition, we have shown that the D-term generated racetrack uplift works in the presence of additional Kähler moduli. Together with the fact that constraints on the uplift parameters are rather relaxed, i.e., β < 1 and c 3 > 0, this makes us optimistic that there should be many manifolds admitting the proposed uplift mechanism.
Since the proposed uplift mechanism requires certain conditions for a D-term constraint and two non-vanishing non-perturbative effects, it should be interesting if we can construct an explicit realization of this model in a particular compactification. Such an explicit construction requires to match all known consistency conditions such as cancellation of Freed-Witten anomalies and cancellation of the D3, D5, and D7 tadpole [47, 48, 54, 57, 62] . We hope to report on an explicit example in another paper.
Furthermore, the phenomenological aspect of the proposed uplift mechanism should be interesting. Even though the moduli are essentially stabilized as in the LVS, the resultant behavior of the mass spectrum and/or soft SUSY breaking terms may be different depending on which uplift mechanism we employ to realize the dS vacuum.
Finally, in this paper, we concentrated on analyzing the structure of dS minima. However, the structure of the potential is also changed by the uplift term in regions that might be important for including inflationary dynamics. We relegate the analysis of possible inflation scenarios as well as phenomenological consequences compared to other uplift proposals to future work.
In order to avoid Freed-Witten anomalies the gauge flux on the D7-branes has to satisfy Since D 2 , D 3 and D D are all intersecting we have only one choice for the B-field to cancel one F. We choose the B-field without loss of generality such that F 2 = F 2 − B = 0. In this case, we get In order to avoid additional FI-terms and/or zero-modes via chiral matter at brane intersections or in the bulk spectrum of the D7-brane stacks on D 2 and D 3 , we have to demand the magnetic fluxes F 2 and F 3 to be effectively trivial which is the case for 0 = 
